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Attenuated Radon Transform With Variable
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Abstract—Single photon emission computed tomography
(SPECT) is based on the measurement of radiation emitted by
a radiotracer injected into the patient. Because of photoelectric
absorption and Compton scatter, the gamma photons are attenu-
ated inside the body before arriving at the detector. A quantitative
reconstruction must consider the attenuation, which is usually
nonuniform. Novikov has derived an explicit inversion formula
for the nonuniformly attenuated Radon transform for SPECT
reconstruction of parallel-beam collimated projections. In this
paper, we extend his research to variable focal-length fan-beam
VFF collimator geometry. A ray-driven analytical formula for
VFF reconstruction with nonuniform attenuation was derived. As
a unified framework, this formula can be used for parallel-beam,
fan-beam, and VFF collimators. Its accuracy is demonstrated by
computer simulation experiments.

Index Terms—Analytical SPECT reconstruction, nonuniform
attenuation, variable focal length.

I. INTRODUCTION

I N single-photon emission computed tomography (SPECT),
a radiopharmaceutical or radiotracer is injected intra-

venously into the patient and the radiotracer concentration
distributions or uptake images within the body are reconstructed
from the measurement of decayed gamma ray radiation, where
the uptake images at a region of interest (ROI) directly reflect
the cell function there. Because of photoelectric absorption and
Compton scatter, the gamma photons are attenuated inside the
body before arriving at the detector. Quantitative reconstruction
of the radiotracer uptake images at any location inside the body
requires accurate compensation for the attenuation.

In some cases, where the attenuation of the object can be
assumed as uniform (for example in the human brain), Tre-
tiak and Metz [1] developed an explicit inversion formula for
the uniformly attenuated (or exponential) Radon transform in
two dimensions for a parallel-beam collimator geometry. Their
algorithm assumes that the attenuation coefficient is constant
across the body. In the same time and later, Belliniet al. de-
veloped some alternative inversion algorithms [2]–[6]. More
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inversion algorithms were developed with extension to more
complicated collimator geometries. For example, Wenget al.
[7] extended the parallel-beam algorithm to a fan-beam colli-
mator geometry by a coordinate transform. In their formula, a
filter function is introduced, which is not a convolver as used
in Tretiak and Metz’s explicit inversion formula, but is a shift
varying filter. Therefore, their algorithm has to filter the data
point-by-point numerically, which requires intensive calcula-
tion time. Youet al. [8], [9] derived a Cormack-type inversion
of the exponential Radon transform by employing the circular
harmonic transform directly in both projection space and image
space, instead of Fourier space. It was applied to parallel-beam,
fan-beam and variable focal-length fan-beam (VFF) collimator
geometries. However, all of these algorithms are limited to uni-
form attenuation, which is not applicable for nonuniformly at-
tenuating media, such as for cardiac studies, where a quanti-
tative reconstruction must consider the nonuniform attenuation
among the lungs, soft tissues, and ribs.

Much interest on analytical SPECT reconstruction with
nonuniform attenuation and parallel-beam geometry has been
seen in the last decade. Arbuzovet al. [10] presented an
inversion of the attenuated Radon transform with nonuniform
attenuation, but their result was not cast in the well-established
filtered backprojection (FBP) form, which was later derived
by Novikov [11]. In Novikov’s work, an explicit inversion
formula for the nonuniformly attenuated Radon transform for
parallel-beam geometry is derived. This formula had been im-
plemented and good reconstruction results were obtained [12].
Another version of the explicit inversion formula was later re-
ported by Natterer [13], also for a parallel-beam geometry. For
clinical applications, however, fan-beam and VFF collimators
would be preferred for brain and chest imaging, respectively.
Fan-beam collimation improves count density and spatial
resolution for imaging small objects, but for cardiac studies,
the fan-beam geometry encounters a truncation problem.
VFF collimation overcomes this truncation problem, while
preserving the improved count density and spatial resolution. In
our previous work, we proposed an approximate reconstruction
algorithm for fan-beam and VFF collimators and obtained very
good reconstruction results [14]. An exact inversion formula
for a fan-beam geometry was reported in [15]. In this work, we
extend this exact ray-driven analytical reconstruction algorithm
to a VFF collimator geometry.

The presentation of this work is organized as follows. In Sec-
tions II and III, we introduce basic notation and review previous
reconstruction method for parallel-beam collimator geometry.
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Fig. 1. The rotated coordinate system.

In Section IV, we derive our ray-driven analytical reconstruction
algorithm for a VFF collimator geometry, based on our previous
work for a fan-beam collimator geometry. In Section V, com-
puter simulation results are presented to demonstrate the accu-
racy of the derived formulas. The discussion of the presented
method and conclusions of the presented results are given in the
last section.

II. BASIC NOTATION

The notation of [12] will be used throughout this paper. In
order to simplify the derivation, a rotated coordinate system

is introduced (see Fig. 1)

(1)

Then the measured projection data at anglecan be expressed
as

(2)

where denotes the activity source distribution to be re-
constructed and is the nonuniform attenuation coeffi-
cient across the body. Note that is the projection datum at
position with projection angle . The divergent beam trans-
form is

(3)

In SPECT, the gamma photons are attenuated before arriving
at the detector, so is the attenuation of
gamma photons emitted from point before they arrive
at the detector with angle of [16]–[18].

III. RECONSTRUCTION FORPARALLEL -BEAM COLLIMATOR

According to [11]–[13], the parallel-beam reconstruction for-
mula can be written as follows:

(4)

where

(5)

and

(6)

Notation represents the Radon transform at angle

(7)

and denotes the Hilbert transform

(8)

According to [11]–[13], (4) can also be written by the fol-
lowing formulas (which are more easily adapted by our ray-
driven method)

(9)

where

(10)

and was defined by (5).
The parallel-beam reconstruction process can be described as

follows.

a) Compute the divergent beam transform
and the Radon transform .

b) Calculate the modified projections .
c) Backprojection with the weight for each point as shown

by (10). With the different weights and , two
images and are obtained. ( ,

) is a vector image.
d) Calculate the divergence of (9).
In order to formulate our ray-driven reconstruction method,

we modify (5) as follows. Since

so that

(11)

(12)
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where is an integral variable, indicating the location of a ray.
By substituting (11) and (12) into (5), we have

(13)

Because and are constant at position , (13)
can be rewritten as

(14)

where

(15)

can be seen as the reconstruction contribution of
ray at projection position , and is the recon-
struction contribution of all rays with view angleat projection
position .

Substituting (14) into (10), (9) and (10) can be rewritten as

(16)

and

(17)

where was defined by (15).
Equations (16) and (17) are our parallel-beam ray-driven re-

construction formulas. Based on these formulas, we will derive
our VFF ray-driven reconstruction formulas in the next section.
In order to facilitate the derivation, we present the following for-
mulas.

Fig. 2. Variable focal-length fan-beam collimator system.

According to the property of-functions, we know,

(18)

So (15) can be rewritten as

(19)

Thus, we can use discrete Hilbert transform formula to calculate
the value of (15).

IV. RECONSTRUCTION FORVARIABLE FOCAL-LENGTH

FAN-BEAM COLLIMATOR

In a VFF collimator system, the focal length varies according
to the distance from the collimator to the center of the system
[19]–[21]. Fig. 2 shows the VFF collimator system.

Any ray in the VFF geometry can be seen as a ray
in parallel-beam geometry (see Fig. 3 below). Let

be the variable focal length function. The relation between the
parallel-beam and VFF geometries is

(20)

For each ray , we can build a local coordinate system
(see Fig. 4). The relation between this local coordinate

system and the original coordinate system is

(21)

In this local coordinate system, ray will be a par-
allel-beam ray. So we can use our parallel-beam ray-driven
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Fig. 3. The relation between parallel-beam and VFF geometries.

Fig. 4. The local coordinate system.

reconstruction formula to calculate the reconstruction contri-
bution of this ray for every reconstruction point. For any point

, its position in this local coordinate system is .
The coordinate system transform between the parallel-beam

and VFF systems is associated with the relation of the change
in differentials

(22)

where the Jacobian is given by

(23)

Our ray-driven analytical VFF reconstruction formula can be
written as

(24)

(25)

Fig. 5. Attenuation coefficients in the attenuation map of Fig. 6.

where

(26)

The relation between and is shown by (21). The re-
lation between and is shown by (20). Therefore,

can be obtained by , and can be obtained
by .

Because and are original coordinates, (24) does not de-
pend on the geometry, it is the same as (16). Any ray
in the VFF geometry can be seen as a ray in the par-
allel-beam geometry. In the local coordinate system , the
VFF ray is a parallel-beam ray, and the position of this ray
is given by . Using (25) and (26), the reconstruction
contribution of this ray to every reconstruction points is calcu-
lated and back-projected with corresponding weights. By using
a ray-by-ray manner and after all VFF rays are considered, two
images and are generated, where [ ,

] is a vector image. By the use of (24), the recon-
structed image is obtained.

In [13], an approximation to is given by the following:

(27)

where

(28)

is the bandwidth, andmeans convolution. This formula
was utilized to compute the discrete Hilbert transform in our
computer simulations.

V. SIMULATIONS

Computer simulation studies were carried out to test the de-
rived formulas using the Shepp–Logan mathematical phantom
with nonuniform attenuation on an image array of 128128
pixel size. Attenuation factors in the attenuation map are shown
in Fig. 5. Fig. 6(a) and (b) show the activity distribution and the
attenuation map.
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Fig. 6. Reconstruction results using our VFF algorithm, whereD(p) represents the focal length in pixel units, and the image size is 128� 128. (a) Activity
phantom. (b) Attenuation map. (c) FBP reconstruction of attenuated data without attenuation compensation. Simulations on (d), (e) and (f) did not consider
attenuation for implementation test purpose. The reconstruction results of our VFF algorithm are: (d) for parallel-beam geometry by settingD(p) = 1; (e) for
fan beam geometry by settingD(p) = 300; and (f) for VFF geometry ofD(p) = 300+ 30jpj. Simulations on (g), (h) and (i) studies considered the nonuniform
attenuation. The reconstruction results of our VFF algorithm are: (g) for parallel-beam geometry by settingD(p) = 1; (h) for fan beam geometry by setting
D(p) = 300; and (i) for VFF geometry ofD(p) = 300 + 30jpj.

For the parallel-beam geometry, 128 projections were simu-
lated evenly spaced over 360 degrees by a circular orbit, each
with 128 bins. For the fan-beam geometry, the focal length was
chosen as in pixel units. Again, 128 projections
were simulated evenly spaced over 360by a circular orbit, each
with 128 bins on the “detection plane” at the center of the FOV
(field of view). For the VFF geometry, we tested two focal length
functions of and .
For each focal length function, 128 projections were simulated
evenly over a circular orbit, each with 128 bins on the “detection
plane” at the center of the FOV.

Fig. 6(c) shows the conventional FBP reconstruction of the
parallel-beam attenuated projections without compensation
for the attenuation. A strong nonuniform attenuation artifact
is clearly seen. Those projection rays which pass through the
higher attenuation areas of the attenuation map will suffer
more severe attenuation. Therefore, the reconstructed emission
image at those higher attenuation areas becomes darker or has
lower image densities than the expected values.

In order to verify the data simulation and processing proce-
dures, we performed another test on the projection simulation
and image reconstruction. By setting the attenuation coefficients
to be zero, we simulated the nonattenuated projections of par-

allel-beam, fan-beam, and VFF collimators, respectively. The
parallel-beam projections were reconstructed by our VFF algo-
rithm with the focal length toward infinity and attenuation co-
efficients being zero. The result is shown in Fig. 6(d), which
is almost identical to the result of the conventional FBP recon-
struction [22]. With the focal length of our VFF algorithm fixed
to the constant of 300 pixel units and attenuation coefficients
being zero, the reconstruction of the fan-beam projections is
shown in Fig. 6(e), which is almost identical to the result of
the FBP fan-beam reconstruction [23]. The reconstruction of the
VFF projections by our VFF algorithm is shown in Fig. 6(f),
which is almost identical to the result of our previous reported
harmonic decomposition method [8]. This test demonstrates the
correct implementation of our VFF algorithm.

The reconstruction of the parallel-beam nonuniformly atten-
uated projections was performed by our VFF algorithm with its
focal length toward infinity. The result is shown in Fig. 6(g),
which is almost identical to the result of the parallel-bean
nonuniform attenuation algorithm [11], [12]. The fan-beam
attenuated projections were reconstructed by fixing the focal
length for our VFF algorithm as a constant equal to that of the
fan-beam collimator, i.e., 300 pixel units. The reconstructed
image is shown in Fig. 6(h). The reconstructed image from the
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Fig. 7. Horizontal profiles of the reconstructed images (dotted lines) of Fig. 6 through the image center with comparison to the phantom profile (solid line).

VFF attenuated projections is shown in Fig. 6(i). These results
are very similar, except for the strip artifacts near the edge of
the FOV, which are also seen for the parallel-beam attenuation
algorithm [11], [12] and will be discussed later.

Fig. 7 shows the horizontal profiles of the reconstructed im-
ages (dotted lines) of Fig. 6(d)–(i), and compares them with the
profile of the phantom image (solid line). From this figure, it is
seen that the profiles of the reconstructed images are very close
to that of the phantom. The profiles of reconstructed images
from nonattenuated projections are closer to the profile of the
phantom image than those of reconstructed images from atten-
uated projections. The profiles of reconstructed images of par-
allel-beam projections are closer to the profile of the phantom

image than those of reconstructed images of nonparallel beam
projections. We also can see the strip artifacts near the edge of
the FOV in the profiles of reconstructed images of fan-beam and
VFF attenuated projections.

The phantom used in the above study is suitable for brain
imaging. To show the algorithms’ performance for chest
imaging, another simulation was carried out using a chest
activity phantom and attenuation map (see Fig. 8). Fig. 8(a)
is the activity phantom. The attenuation coefficients in the
three areas of the attenuation map of Fig. 8(b) are 0.027 (for
the “bone”), 0.020 (for the “tissues”) and 0.0 (for the “lungs”)
per pixel, respectively. The projections for parallel-beam,
fan-beam and VFF collimators were simulated by the same
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Fig. 8. Reconstruction results of our VFF algorithm for different conditions.D(p) represents the focal length function in pixel units and the image size is 128�

128. (a) Activity phantom. (b) Attenuation map. (c) Reconstruction without attenuation compensation. d) Parallel-beamD(p) =1. (e) VFFD(p) = 200+10jpj.
(f) VFF D(p) = 300 + 30jpj.

protocol as described before. The parallel-beam data were
first reconstructed by our VFF algorithm with the attenuation
coefficients being zero and focal length toward infinity, and
the result is shown in Fig. 8(c), which is almost identical to
the conventional FBP reconstruction, where the strong artifact
due to nonuniform attenuation is clearly seen again (i.e.,
the dark and deformation in the middle two circles and the
nonuniformity across the large ellipse area).

With attenuation compensation, the reconstruction results
using parallel-beam attenuated data is shown in Fig. 8(d),
which is almost identical to the results for the parallel-beam
nonuniform attenuation algorithm of Novikov [11], [12].
Two reconstructions for different focal length functions are
shown in Fig. 8(e) and (f), respectively. These very similar
results demonstrate the robustness of our VFF algorithm for
different collimator geometries and the same performance of
our algorithm and Novikov formula [4], [10] for the same
parallel-beam geometry.

To compare our nonparallel beam algorithm for nonuniform
attenuation compensation with currently available methods
consisting of a rebinning technique (from nonparallel, e.g.,
fan-beam [24], to parallel-beam geometry) and Novikov’s
parallel-beam formula, we designed another phantom exper-
iment, which involves a tiny point activity source embedded
in a nonuniformly attenuating media (see Fig. 9). The atten-
uation map is the same as in the prior simulation experiment.
Fig. 9(c) and (d) show the reconstructed results by the rebin-
ning technique/parallel-beam formula and our VFF algorithm,
respectively, (where the focal length was set as a constant for
fan-beam geometry pixel units). Fig. 9(e) shows
the profile of Fig. 9(c) along the horizontal line through the
point source. Fig. 9(f) shows the profile of Fig. 9(d) along the
same horizontal line as Fig. 9(e). Fig. 9(g) shows the profile
of Fig. 9(c) along the vertical line through the point source.

Fig. 9(h) shows the profile of Fig. 9(d) along the same vertical
line as Fig. 9(g). It is obvious that the reconstructed point-source
image by the rebinning technique and parallel-beam formula
is blurred [the reconstructed point source is bigger than the
original point, as clearly seen in Fig. 9(g)]. This is expected,
since any rebinning will introduce some degrees of blurring.
From these figures, we observed that the profiles of our VFF re-
constructed image are very close to that of the phantom image;
while the reconstructed image of the rebinning/parallel-beam
formula is blurred and shows a noticeable variation from the
phantom image.

VI. DISCUSSIONS ANDCONCLUSION

From Figs. 6, 8, and 9, artifacts in the peripheral area of the
reconstructed images are observed for results derived with par-
allel-beam, fan-beam and VFF collimators (the same observa-
tion for parallel-beam geometry is also reported in [12]). The
artifacts in the VFF reconstruction are more obvious than those
in the fan-beam reconstruction, and the artifacts in the fan-beam
reconstruction are more obvious than those of parallel-beam re-
construction. Our algorithm is based on a ray-driven strategy,
i.e., for a ray, its projection is a point. This requires that the in-
volved discrete Hilbert transform has a wide bandwidth with a
smooth property in the spatial domain. Fig. 10 shows the dis-
crete Hilbert transform that was used in our VFF algorithm. Ac-
cording to (27) and (28)
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Fig. 9. (a) Activity phantom (a point). (b) Attenuation map. (c) Reconstructed
image using the rebinning technique and parallel-beam formula. (d)
Reconstructed image using our VFF algorithm. (e) Profile of Fig. 8(c) along
the horizontal line. (f) Profile of Fig. 8(d) along the same horizontal line. (g)
Profile of Fig. 8(c) along the vertical line. (h) Profile of Fig. 8(d) along the
same vertical line.

It has a wide bandwidth, but does not have a smooth property
in the spatial domain. This is the main cause for interpolation
errors, leading to the more obvious artifacts than that of the
parallel-beam algorithm of Novokov [11], [12]. Therefore, two
tasks are currently being pursued. One is to investigate the cause
of artifacts in the simple parallel-beam geometry. The other is
to modulate the Hilbert transform for a minimal interpolation
error.

Fig. 10. Discrete Hilbert transform that we use in this paper.

In conclusion, we have derived a ray-driven analytical inver-
sion algorithm for the nonuniformly attenuated Radon trans-
form for a VFF geometry, based on the Jacobian relation be-
tween two different coordinate transformations. It is theoret-
ically attractive because of its applicability to VFF, fan-beam
and parallel-beam collimators. The computer simulation exper-
iments have demonstrated its accuracy and robustness for dif-
ferent collimator geometries. Its noise properties and integration
with scatter compensation and detector resolution correction are
currently under investigation [25]–[27].
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