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Benefits of Angular Expression to
Reconstruction Algorithms for Collimators
with Spatially Varying Focal Lengths
Jiangsheng You,* Shanglian Bao, and Zhengrong Liang

Abstract— Fan-beam collimators with spatially varying focal
lengths are used in single photon emission computed tomography
(SPECT) to improve the imaging sensitivity and to reduce the reconstruction artifacts resulting from the truncation of projection
data. An angular representation of the detector coordinates for
the projection data is adopted to investigate several aspects of the
reconstruction problem for this type of collimation. A rebinning
reconstruction algorithm is derived. We prove a conjecture posed
by Zeng and Gullberg and obtain a simplified form of their
backprojection filtering algorithm. Some computer simulations
are presented to investigate the performance of the rebinning
algorithm.
Index Terms—Angular detector coordinate, backprojection filtering, collimators with spatially varying focal length, convolution
backprojection, fan-beam geometry.

proposed a summed convolution backprojection algorithm to
reconstruct the image approximately [5]. Cao and Tsui applied
the double integral to address the reconstruction problem for
this type of geometry [6]. Recently, Zeng and Gullberg implemented a backprojection filtering algorithm to reconstruct
the image more accurately [7]. In their work, a conjecture was
stated that a convolution backprojection algorithm does not
exist for collimators with spatially varying focal lengths.
In this paper, based on an angular representation of the
detector coordinate for the projection data, we derived a rebinning reconstruction algorithm for spatially varying focal length
fan-beam geometry. Moreover, we proved the conjecture of
Zeng and Gullberg and obtained a simplified version of the
backprojection filtering algorithm as proposed in [7].

I. INTRODUCTION

I

N single photon emission computed tomography (SPECT),
a fan-beam collimator with spatially varying focal lengths is
used with a gamma camera to improve the imaging sensitivity
and to reduce the reconstruction artifacts resulting from the
truncation of projection data. The focal lengths increase from a
minimum at the center to a maximum at the edge of the object.
Thus, those projection rays with short focal lengths have good
sensitivity in the central region of interest and others with long
focal lengths will greatly reduce truncation artifacts near the
edge of the object.
Some convolution backprojection algorithms have been
developed for parallel-beam geometry [1] and later extended
to various fan-beam geometries [2]–[4]. However, no convolution backprojection algorithm has been derived for spatially
varying focal length fan-beam geometry. Zeng and Gullberg
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II. COLLIMATOR GEOMETRY
The collimator geometry discussed in this paper is shown
in Fig. 1. Assume that the flat detector surface is parallel to
-axis with a distance away from the origin. The detected
value at a point
on the detector is the integral of image
function
on the line
, where is located on the
-axis. Let denote the angle between
and -axis. The
focal point varies away from the origin as a function
,
which can also be expressed as a function
, where is the
distance between and the central ray of the detector. When
the focal length increases from a minimum at the center to
or
will
a maximum at the edge of the object,
increase with respect to
or , respectively. Obviously,
each projection ray in Fig. 1 can be determined uniquely by
the departure angle
or the distance . In this paper, we
assume that
and
.
Rotate the detector around the origin with an angle , see
Fig. 2. Every point on the detector surface can be uniquely
determined by an angular coordinate
or a flat coordinate
. Comparing these two coordinates with the
corresponding coordinate
of parallel-beam geometry, we
have
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Zeng and Gullberg [5], [7], Cao and Tsui [6] derived some
reconstruction algorithms of spatially varying focal length fanbeam geometry based on the flat coordinate representation
. We will use the angular coordinate representation
to investigate the reconstruction problem.
III. A REBINNING RECONSTRUCTION ALGORITHM
In Section II, we showed that every point on the detector
can be uniquely determined by a pair of parameters
.
Let
denote the detected value at certain point on
the detector surface and
denote its corresponding
expression of parallel-beam geometry.
Assume that the subtending angle of
is
, i.e.,
. To obtain complete projections for spatially
varying focal length fan-beam geometry,
needs to rotate
to
. However, for convenience, we
from
will assume that
and
.
The radon inversion formula can be written as

Fig. 1. Spatially varying focal length fan-beam geometry.

(7)
where
denotes the Fourier transform (FT) of
with respect to the variable . Define an approximate filter

(8)
where

is a small constant, and calculate its inverse FT
(9)

we get

Fig. 2. No caption was provided.

(10)
or
(3)

Let
denote the polar coordinate expression of
.
By coordinate transforms (3) and (4), (10) can be rewritten as

(4)
The Jacobian from

to

is
(11)
(5)

and the Jacobian from

to

is
(6)

where
is the differentiation of
with respect to the
variable . Let
and
denote the
and the center at the origin, then,
disk with a radius
and
are regular in
. Hereafter, we will assume that
the support of image function
is contained in
.

At first glance, (11) is very similar to the convolution
backprojection procedure, but it is not, as shown later, a
convolution backprojection formulation. The advantage of (11)
is that, as compared to the algorithms [5]–[7], the rebinning
procedure can be easily implemented without extra rebinning
interpolation if the grid intervals of
and
are the same.
Since we can not use fast Fourier transform (FFT) to compute
(11), the reconstruction may need more computation time.
Performance of this rebinning reconstruction algorithm will
be studied by computer simulations later.
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V. A SIMPLIFICATION OF THE
BACKPROJECTION FILTERING ALGORITHM

IV. PROOF OF THE CONJECTURE OF ZENG AND GULLBERG
Now we turn to the conjecture of [7] which states that a
direct convolution backprojection algorithm does not exist for
spatially varying focal length fan-beam geometry. Let
in (11), we have

Based on the angular representation above, we now consider
the backprojection filtering algorithm [7] which was derived by
using the flat coordinate
. The use of the flat coordinate
leads to complicated computations in the rebinning
procedure. As the calculations of [7], it needs to solve an
implicit equation

(12)
Define

(20)

, then

.
To prove the conjecture, we first assume that a direct
convolution backprojection algorithm does exist, then we will
deduce a contradiction. Here, it needs to point out that, in
essence, the existence of a direct convolution backprojection
algorithm means that
can be expressed as
a variable-separated form. For example,
exists for the parallel-beam geometry in Cartesian
coordinate, and
holds for the standard fan-beam
geometry in the angular coordinate. Therefore, the existence
of a direct convolution backprojection procedure requires that
the double integral (12) can be expressed as a separately serial
integral. Then, if a direct convolution backprojection algorithm
exists for spatially varying focal length fan-beam geometry, we
should have the following expression:
(13)
and
are functions of and
and
where
are functions of . To some extent, this expression partially
comes from the idea of summed convolution backprojection
algorithm [5]. Since is
periodic with respect to ,
,
and
can be expanded as the Fourier series
(14)

for every fixed
and , where
is the focal length
function. By the angular coordinate
, we found that the
computational complications can be greatly reduced. Let
(21)
where
is the radon transform of the
image function
for parallel-beam geometry. From
discussions about the Rho-filtered layergram reconstruction
algorithm in [8], we have
(22)
where
tion of

denotes the two-dimensional convolution and
. If
denotes the polar coordinate representa, then (21) becomes
(23)

By coordinate transforms (3) and (4), there exists a unique
pair
satisfying
(24)
and
(25)

(15)
Compare the coefficients in both sides of (13), we have

Rearranging the terms in (25) we get
(16)
(17)
(18)

(26)

and
Therefore
(19)
. When
Note that (19) holds for all
, we have
, then
, i.e., fan-beam geometry with spatially varying focal lengths becomes the standard fan-beam geometry. When
, we have
or
. If
,
from (16) we get
, this yields a contradiction;
if
, this contradicts to (17) and (18). These
arguments indicate that (13) holds only for
.
Therefore, we proved the conjecture of [7].

(27)
where the integral limits
is given by
.
Let
be the FT of
, it is well-known that the
inverse FT of
is exactly the image function
. Therefore, (27) offers an explicit form and can be
easily implemented.
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Fig. 3. Computer-generated phantom.

Fig. 4. Reconstructed image for focal length function 1).

The numerical implementation of (27) is the same as the
procedure of [7]. The only difference is that (27) computes the
backprojection directly without solving the implicit equation
(20). Therefore, we omit the numerical simulations for the
implementation of (27).
VI. COMPUTER SIMULATIONS
In order to test the rebinning reconstruction algorithm (11),
several experiments have been performed. In these experiments, we used a number of computer-generated projection
data sets of a mathematically defined but medically realistic
phantom.
The phantom consists of six superimposed ellipses and two
disks. A 200 200 digitization of the phantom is shown in
Fig. 3. The image function is defined on a rectangle region
.
For the implementation of rebinning reconstruction algoand
rithm (11), it is required to sample the variables
at a same grid distance. If
is still sampled at this grid
distance, we can avoid the interpolation procedure before the
convolution because, for a fixed discrete pair
,
is
exactly a sampled projection datum. On such discrete grids
we accurately computed the line integrals of the phantom.
Then we used these computer-generated projection data to
reconstruct the phantom by algorithm (11).
Three focal length functions have been investigated:
1)
;
2)
;
3)
.
From 1) to 3),
goes to smaller. In these simulations,
was evenly sampled by 128 points in
and
was
evenly sampled by 65 points on
. The grid
and
is then the same. To code algorithm
distance of
(11) we used C
language. The program was executed first
in a 486-66 DX2 PC. The total computation time for every
focal length function was five minutes. By a Pentium II 266
PC, the computation time was reduced to less than half one
minute. The reconstructed images are shown in Figs. 4–6 by
200 200 digitization. These numerical simulation procedures

Fig. 5. Reconstructed image for focal length function 2).

are almost the same as that for the parallel-beam geometry,
so the numerical calculations are efficient. It is noted that
when the focal length function
changes from 1) to 3)
gradually, the quality of reconstructed image becomes better
successively. This phenomenon is due to the fact that a rapidly
varying focal length function corresponds to a coarse grid
in the parallel-beam geometry when the grids interval for
and for
are the same. In fact, the assumption that grid
interval of and is the same does not satisfy the optimal
relation of the sampling condition in [9, Ch. 3]. So, in the
presented simulations, the effective grids are relatively small
for collimators with rapidly varying focal length and there are
more redundant data. In order to overcome these problems,
a remedy is to adjust the grids interval of and . But this
will need extra interpolations before convolution and may lead
to nonuniformity artifacts. This interpolation problem can be
solved by the use of the circular harmonic transform in the
projection space, which is considered in [10].
VII. DISCUSSION
Based on the angular representation of detector coordinates,
we have proved that it is impossible to derive a convolution
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is not always the sampled projection datum for the discrete
, and . It is noted that the interpolation in Algorithm
I is taken after the numerical integral, while the interpolation
in Algorithm II is taken before the backprojection between two
nonparallel line integrals. So the interpolation in Algorithm II
may possibly generate more intermediate errors and lead to
nonuniformity artifacts in the reconstructed image.
When the grid distance of
is different from that of
in Algorithm I, we still need to interpolate the original data
before calculating the convolution between two nonparallel
line integrals. In general, such interpolation may degrade the
quality of reconstructions and lead to nonuniformity artifacts in
the reconstructed images. To overcome this problem, we have
proposed a harmonic decomposition reconstruction algorithm
in another paper [10].
Fig. 6. Reconstructed image for focal length function 3).

backprojection algorithm for spatially varying focal length fanbeam geometry. So we turned to investigate some alternative
efficient algorithms for the reconstruction problem of this type
geometry. Algorithm (11) is very similar to a convolution
backprojection procedure. In fact, it is equivalent to a convolution backprojection algorithm after rebinning the projection
data for a specially chosen grids.
Algorithm (27) is a simplified form of the backprojection
filtering algorithm [7] by the angular representation of detector
coordinates. In the flat coordinate representation, it needs to
solve the implicit equation (20). In general, (20) may not
have a closed form solution for . However, when adopting
the angular coordinate representation, this problem can be
circumvented. For any spatially varying focal length function
, there always exists an explicit formula for (21). It is
expected that an explicit formula may reduce the intermediate
errors and the computation time resulting from calculating .
Let the implementation of (11) be Algorithm I and the implementation of (27) be Algorithm II. Interpolation is required
in both algorithms. For instance, in Algorithm I, we make a
strong assumption that the variables , and are sampled at
a same grid distance, then we can avoid the rebinning interpolation before calculating the convolutions. But interpolation is
needed in the coordinate transform from the polar to the Cartesian. In Algorithm II, interpolation is used before calculating
the backprojection because
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